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1. INTRODUCTION 
In this paper we consider the uniqueness of solutions for the mixed problem 
in the nonlinear theory of heat conduction with chemical reactions. The 
formulation of the theory leads to a system of N + 1 nonlinear parabolic 
equations [cf. formulas (2.1)-(2.5) of th e 0 f 11 owing section]. Uniqueness of 
solutions for certain special cases of this system has been considered pre- 
viously by McNabb [l] and Wake [2] for the first boundary-value problem 
and Protter and Weinberger [3] for the mixed problem. However, in each case 
certain monotonicity requirements are imposed on the reaction rate vector 
and the heat release. In particular, the reaction rate vector is assumed to be a 
nondecreasing function of the temperature. While this is the case for many 
reacting systems, there are known examples involving exothermic reactions 
for which this assumption is not valid (cf. [4, Section 4.31). Motivated by this 
observation, Chen and Nunziato [5] recently examined the linearized equa- 
tions and proved uniqueness for the mixed problem without requiring the 
monotonicity conditions employed previously. The purpose of this paper 
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is to generalize Chen and Nunziato’s observation and establish uniqueness 
under weaker conditions for the general nonlinear system. In particular, we 
adopt the method of energy integrals to show that if the specific heat, the 
reaction rate vector, the heat of reaction, and the heat flux have certain 
boundedness properties, then there is at most one solution for the mixed 
problem. 
2. PRELIMINARIES 
Let B denote the interior of the region occupied by the body in Euclidean 
3-space. We assume that the region is bounded and regular. The boundary 
of the region is aB. Let 9 denote the reals and 9%‘+ the strictly positive reals. 
In this paper we consider the thermochemical response of a rigid body. 
Let 0 denote the absolute temperature, 5 the extent of reaction vector whose 
component fi, i = l,..., N, represents the degree of advancement of the ith 
chemical reaction, e the internal energy, q the heat flux vector, o the reaction 
rate vector, and Y the heat supply. The common domain of definition of these 
quantities is, of course, B x 9. The thermochemical response of such a body 
is characterized by the constitutive relations (see, e.g., [4, 6-81) 
e = i(e, 9, (2.1) 
q = $(& g, ‘JQ (2.2) 
w = qe, 5, W). (2.3) 
We assume that e” is a class C3 function on 9?!+ x 9P’; $ and ti are, respec- 
tively, class C? and C? functions on go x 9YN x W3. 
Thermochemical Process 
Suppose that 0 and 5 are of class C?. The N + 1 tuple (0, 5) is said to be 
a thermochemical process corresponding to the heat supply r if 
e’=-v.q+r, (2.4) 
<=w (2.5) 
on B x 9, where e, q, and w are given by (2.1)-(2.3). 
3. SOME ESTIMATES 
In this paper we are interested in establishing the uniqueness of solutions 
of (2.1)-(2.5) for the mixed problem. Before we do this, we must first prove 
certain preliminary results. 
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Let (0, s} and (8,) &} be th ermochemical processes corresponding to the 
heat supplies Y and rl . We introduce the notation 
0 = e - 8,) 
z = g - t&, 
R = Y - rl , 
and 
E = e - el, 
Q =g---1, 
c2 = w - WI. 
The following lemma is an immediate consequence of the definition of 
thermochemical processes and the regularity of B. 
LEMMA 1. Let (0, p} and (8, , S,} be th ermochemical processes corresponding 
to the heat supplies Y and rl . Then 
jB (02 - Q * VO) du = j, OR du - j8, OQ . n da, (3.1) 
F (I&- $.-2=. CA) dv = 0, (3.2) -B 
where n is the outward unit normal to aB. 
LEMMA 2. Let (0, S} and (0, , &} be thermochemical processes corresponding 
to the heat supplies Y and rl such that 
ut 51 = PI , s3 on B x (-03, to). (3.3) 
Suppose that the speci$c heat 8, and the heat of reaction vector EC satisfy 
C(4 5) > c > 0, I e”c#, 9 < h. (3.4) 
Let G be a compact subset of B. Then there exists a positive number L such that 
for every (x, t) E G x [to , T] and h > 0, 
jtBBd7~~ez-~jtIVe12d~-Lj~~(02+l~12)d,. (3.5) 
to to 
Proof. Since e” is of class C3, it follows immediately that 
E = $0 + ES . = + H, (3.6) 
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where 1 H 1 < A’(@ + 1 9 I”). D ff i erentiating (3.6) with respect to t and 
multiplying the result by 0, we have 
02 3 J&j@ + G$$02 - 1 &r; 1 k 1 1 0 1 - ! & i 1 Z I / 0 i - I A i ; 0 / . (3.7) 
Since 0 and 5 are of the class C2, we see that j 4 / and 1 t [ are bounded from 
above. These properties along with the smoothness assumption of e” insure 
the existence of the nonnegative numbers MI and &I’, such that 
(3.8) 
(3.9) 
and the existence of a positive number P such that 
l~/G~P(l@I+l~l) (3.10) 
on G x [to, T]. Further, since & is of class Cl, it follows from (2.3), (2.5), 
and the definition of X that there also exists a positive number D such that 
f:<D(Io/+l~:I+lvo~). (3.11) 
In view of (3.4), and the results (3.8)-(3.1 l), the integral of (3.7) over [t, , t] 
is simply 
--(AI, + hD + P) / @(,)I / S(T)/ - hD 1 O(T)/ I V@(,)i/ &. 
(3.12) 
Of course, in writing (3.12), we have made use of the initial condition (3.3). 
By the arithmetic-geometric mean inequality, we have 
for all k > 0. Combining these inequalities and (3.4), with (3.12), we obtain 
the desired result (3.5) with 
L=-&max]M2+hD+P,M2+3hD(1 + 
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LEMMA 3. Let (0, Q and (0, , S,> be thermochemical processes corresponding 
to the heat supplies r and rl . Suppose that the thermal conductivity 4~ is 
negative dejkite and that 
I $ve(R 5, WI < k- (3.13) 
Let G be a compact subset of B. Then there exists a positive number y and a time- 
dependent function K(t) such that for every (x, t), G X [t,, , T] 
Q.VO< 
t 
K(t)--1 IP@i2+y{@2+I=;2}. 
Proof. Since 4 is of class C2, it follows immediately that (cf. [9]) 
Q = ($0 + a> @ + & + P> - X + {ii~g + 1) V@, 
where 
Now, let 
with 
Further, let 
Y = 4 max{Ql , Q2>. 
K(t) = sup j A 1 . 
Gx[t,,tl 
In view of (3.13) and (3.16)-(3.18), formula (3.15) becomes 
Q * v@ < 2y / v@ 1 {I @ [ + 1 E, 1) + {K(t) - k} / v@ 12. 
By the arithmetic-geometric mean inequalities, we have 
/vollol~~lvBI”+~lol~, 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
(3.18) 
(3.19) 
Combining these inequalities with (3.19) yields the desired result (3.14). 1 
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4. THE UNIQUENESS THEOREM 
We are now in the position to prove our main theorem. 
THEOREM. Let (0, g} and (0, , S,> be thermochemical processes corresponding 
to the heat supplies r and r, such that 
8 51 = (4 ,5d 0~ B x (-co, to), 
B x [to, 0 
(4.1) 
r = rl on 
Suppose that 
t IS @(x, T) Q(x, T) . n(x) da dT = 0 on [to 9 Tl. (4.2) to aB 
If the thermal conductivity &Q is negative de$nite and if there exist positive, 
jinite numbers c, h, and k such that 
iwt 5) > C, 
I qe, 5>1 < h, 
I 444 5, w c k 
on B x [to, T], then 
(0, s> = (4 , sd on B x (-co, T]. 
Proof. In view of (4.1), (4.2), and Fubini’s theorem, Lemma 1 asserts 
that 
Q(T) . V@(T) d7 du = 1 it O(T) Z?(T) d7 du, (4.3) 
B to 
.c, 1 E(t)12 dv = 2 JBJft X(T) . a(T) dT du, 
0 
(4.4) 
for all t E [to , T]. Combining (4.3) with the results of Lemmas 2 and 3 yields 
the inequality 
B’(t) dv < IL +-- *;’ 1 j-s1 (02(T) + 1 g(T)12) dr dv 
Bfo 
(4.5) 
Now, since the reaction rate vector 5 is of class Cl, we can use (3.11) in (4.4) 
to obtain 
4 j- ! E(t)i” dv < D j” St 1 =(T)) {I o(T)/ + j +)I + 1 v@(T)l> d7 dv. 
B B to 
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This result, along with the inequalities 
and (4.5) combine to yield 
+, .r(02(t) + I Z(t)12) dv 
<A /- .I’” (@2(~) + I S(T)/~) dT du + r,s,: [K(T) - $1 / V@(T)~~ d7 dv, 
‘B to 
where 
(4.6) 
Since 
O(*, to) = 1 X(0, to)1 = 1 VO(*, to)1 = 0, 
the smoothness of 4, (3.16), and (3.18) imply that there exists a number 
J > 0 such that 
‘C(t) < I@ - to) 
on B x [to, T]. Thus, for t E [t, , (k/2 J) + t,,], (4.6) asserts that 
s, (W(t) + 1 z(t)l2) dv < ys,kt (02(7) t 1 =(T)/~) dr dv. 
cl 
By the smoothness of 0 and Z, we can apply Gronwall’s lemma and arrive at 
s 
(02(t) + ! X(t)j2) dv = 0 
B 
on [to, (k/2]) + to]. This can be extended to [t,, , T], and thus the proof is 
complete. 1 
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